Entangled quantum states are an important component of quantum computing techniques such as quantum error-correction, dense coding and quantum teleportation. We describe how to generate fully entangled states in the Hilbert space C N C N starting from a unitary matrix and show that they form an orthonormal basis in this space. Disentanglement is also discussed. Moreover we also calculate the Wigner function of fully entangled states.
Entanglement [1] [2] [3] [4] [5] [6] [7] is the characteristic trait of quantum mechanics which enforces its entire departure from classical lines of thought. It is nowadays viewed as a resource for certain tasks that can be performed faster or in a more secure way than classically. Einstein et al. [8] discussed entanglement for infinite-dimensional systems (position and momentum). Bohm [9] described the case for finite-dimensional systems.
We describe how to generate fully entangled states in the finite-dimensional Hilbert space C N C N ¼ C N 2 starting from the N Â N primary permutation matrix and show that they form an orthonormal basis in this space. We also describe how to disentangle the generalized Bell states using the GXOR-operator. Furthermore the Wigner operator for finite-dimensional systems is calculated for the Bell states.
We consider entanglement of pure states. 
If we choose ¼ 0 and ¼ 0 then fj0i; j1ig is the standard basis in C 2 : Consider the Hilbert space C N : Let
be an orthonormal basis in C N : Thus h j j k i ¼ jk and
where I N is the N Â N unit matrix. The last relation is the completeness relation. Next we define the matrix
Thus we can also write 
where j :¼ 2j=N: Thus the set of eigenvalues fexpðÀi j Þ : j ¼ 0; 1; . . . ; N À 1g form a commutative group under multiplication. The group given above and this group are isomorphic. For N ! 1 we have the Lie group Uð1Þ: For the standard basis in C N the matrix U is given by
Then the set of matrices fU; U 2 ; . . . ; U N g is a subgroup of the group of all N Â N permutation matrices under matrix multiplication.
The normalized eigenvectors of U given by (3) are
where j ¼ 0; 1; . . . ; N À 1: If we consider U given by (6) (i.e., the standard basis is selected), then we find the eigenvectors 1 ffiffiffiffi N p ð1; expðÀi2j=NÞ; expðÀi4j=NÞ; . . . ;
Thus for the eigenvalue 1 of U we find the normalized eigenvector
The eigenstates fj j i: j ¼ 0; 1; . . . ; N À 1g and the orthonormal basis given above are connected by the discrete Fourier transform
Next we introduce the two matriceŝ
We have ½U; ¼ 0: The hermitian matrixn n can be considered as the number operator with the eigenvalues 0; 1; 2; . . . ; N À 1: The matrixn n is diagonal in the standard basis. The matrix is called the Pegg-Barnett phase operator [10] . We note that an outstanding problem in quantum mechanics is the search for a ''proper'' phase operator. A number of theories for such operators have been proposed, but most of them succumb to one or more of three shortcomings: (i) the operator is non-selfadjoint, (ii) no scheme for an experimental realization, (iii) the operator is operationally defined, leaving the questions open as to what observable the measurement apparatus really represents and what the conjugate observable is [11] . The matrixn n has the properties
The matrix has the properties
Note that the matricesn n and do not commute. Using these two matrices we introduce the matriceŝ V V jk :¼ expði jn nÞ expðÀik Þ ð 12Þ where j; k ¼ 0; 1; . . . ; N À 1 and V 00 ¼ I N : Obviously these N 2 matrices are unitary. Inserting (9), (10) and (11) into (12) we can writê
where denotes the Kronecker product of matrices [12] . This state is independent of the chosen basis in each subsystem. Using this state we define the N 2 states
where jÈi ¼ jÈ 00 i: These states can also be written as
The N 2 vectors jÈ jk i form an orthonormal basis in the Hilbert space C 
The measure for entanglement for pure states Eðj ih jÞ is defined as follows [2] [3] [4] [5] [6] [7] Eðj ih jÞ : Using this definition for entanglement of pure states we find that the states jÈ jk i are maximally entangled. We obtain the projection matrix
Taking the partial trace over the first system yields
Thus S N ð 2 Þ ¼ 1: The state jÈi given by (14) where j00i ¼ j0i j0i etc. and j0i; j1i; j2i denote the standard basis in C 3 : Given an entangled state in C N C N it is important to know if it can be distilled, i.e., r copies of it can be transformed by local operations and classical communication into s copies of jÈi: State distillability, or useful quantum correlations, offer an alternative way of analyzing quantum nonlocality. All bipartite entangled pure states can be reversibly transformed using local operations and classical communication into jÈi (in the so-called asymptotic regime).
The set of the N 2 projection matrices fX jk ¼ jÈ jk ihÈ jk j : j; k ¼ 0; 1; . . . ; N À 1g describe the generalized Bell measurement. An application of the Bell measurement is in teleportation. For any matrix
To disentangle the generalized Bell states the generalized XOR-gate (GXOR-gate) can be used. The GXOR-gate is defined as [14] U GXOR jmi jni :¼ jmi jm É ni where m; n ¼ 0; 1; . . . ; N À 1 and
The operator U GXOR is unitary and hermitian and therefore U GXOR ¼ U Thus U GXOR is a permutation matrix. For example for N ¼ 3 a fully entangled state is given by (generalized Bell state)
The Wigner operator and Wigner function were originally introduced for infinite dimensional systems. For finite dimensional Hilbert spaces with dimension N ! 3 prime the Wigner operator can be defined as [15, 16] 
